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Analysis of Noise Effects on the Nonlinear Dynamics
of Synchronized Oscillators

Samuel Ver Hoeye, Almudena Sudr&enior Member, IEEEand Sergio Sancho

Abstract—The higher sensitivity to noise of nonlinear systems cubic-nonlinearity oscillator in [4] provides the bifurcation di-
near the onset of instability is analyzed here. The analysis is par- agram of Fig. 1(a), traced versus the input-generator frequency
ticularized to synchronized oscillators, studying the influence of wg, for constant input-generator currefif = 20 mA. The

the proximity to Hopf and Saddle—Node bifurcations. The calcu- . . . .
lations are compared with former scaling relationships and with Sampled variable is the voltage across the nonlineaits1’).

results from time-domain integration. The average shift of bifurca- A noise-free circuit (black) and a white-noise current source
tion points due to noise perturbations is also analyzed. Two exam- (grey), with spectral densityl,, |>= 10~*2 A2 /Hz, have been

ples are shown: a cubic-nonlinearity oscillator and a 5 GHz hybrid - considered. Fig. 1(b) shows the locus of the Floquet-multipliers

oscillator, for experimental verifications. [1] with the generator frequency as implicit parameter. The
_Index Terms—Bifurcation, frequency conversion, Nyquist sta- onset of the quasiperiodic regime is due to a saddle-node
bility, oscillator noise, synchronization. bifurcation at 1.58 MHz (one multiplier crossing the unity
circle at 1¢’Y) and to a Hopf bifurcation at 1.33 MHz (two
|. INTRODUCTION complex-conjugate multipliers crossing the circle et??).

. . The multipliers are related to the Floquet exponeSts
ANY authors [1]-[3] have observed the higher Senslhrough:uc — %7 = eteetieor, with T the period of the

The i tvity to r.]O'?ﬁ of npnlmear systemtshnear.tplfulrcat!o?ssteady_state solution. Note that there is not a univocal relation-
€ increase in the noise power, as the critical poin §1ip between Floquet multipliers and exponents, since there is
approached, is shown in [3], by making use of the COm"c‘:{ﬂways a possible shiﬁ% = k wg, with k integer. At a Hopf
sion-matrix approach. Near a Hopf bifurcation (onset of \furcation. a new fundamenta)Lga;rises and, — w, + kw
natural frequency [4]), the transient is a damped oscillation I%r a sadoile-node bifurcation fhere is no ohset df newgfunda-
the natural frequency, while, for instance, near a flip bifurcati entals andv, = 0 4 kw Wi;zsenfeld [2] approximates the
(frequency_division by twc_) [4]). i.t i_s a damped osci_llatio_n OC_)@ear-critical multipliers aﬁgc ~ (1—¢€)e’ 6, e being the distance
double p_enod. The damping ratio is very IOW. a_nd, i NOIS€ 1) the border of the unit circle. A multiplier with magnitude
present in the_ system, the steady-state orb_|t IS contmuous ¥se to one means a long lasting transient, due to the small
perturbed, wh|ch make; opservgble the partlcular_chgracte(} lue of ... This slow transient, continuously interrupted by
tics of the transient. This gives rise to noise amplification and,, ,Jise ‘perturbation, gives rise to an amplification of the

bumps in the power spectrum or noisy precursors. noise spectrum, about the frequencies, (saddle node), or

In the neighborhood of the bifurcation, complex nonlineq@rw + w, (Hopf bifurcation)

phenomena may also be observed. As an example, _When twéor the analysis of the amplification effects, a deterministic
stable steady states of the unperturbed system coexist (for ein(t) = I cos(wt) can be considered. When the circuit op-
same parameter values) and are close in the phase spaceeltgpes close to a bifurcation, this tone introduces pairs of lines

solution may jump from one to another, under the noise inﬂléboutkwg + w, whose power increases [2] for a decrease of

ence (stochastic resonance). Another nonlinear phenomenog 1S )
r/and a decrease of the frequency deturin — W, ,
the average shift of the bifurcation point due to the noise infl d y g (W = we)/wy

5 With w. the closest critical frequency. Here similar scaling prop-
ence [5]. erties to [2], have been obtained when using the stability margin

The analysis here is particularized to synchronized OSC”'?/’[, instead ok. This margin is calculated here as the minimum

tors. Two examples are shown: a cubic nonlinearity oscillata\r P :
: . stance to the origin of the Nyquist plot. The power of the spec-
and a 5 GHz hybrid oscillator. g yQuistp P P

tral lineskw, + w is approached by

[I. NOISY PRECURSORS
IQ

The Poincaré map of a nonautonomous circuit is obtained S (w) = Akm 1)
by sampling its steady state at integer multipteg of the
input generator period. Application of this technique to thehere A is an unknown proportionality constant that has

to be fitted. The Lorentzian lines obtained by sweepin@n
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effects (due to the high power values) must be taken into
account.

Frequency-domain linearization should enable the calcula-
tion of noisy precursors with the same restrictions as Floquet
analysis [1]. The advantage over the time-domain techniques is
the wider applicability to microwave circuits, due to the usually
long transients of these circuits with respect to the signal pe-
riod. Here, for the harmonic-balance analysis of the noisy pre-
cursors, an auxiliary generator AG, with negligible amplitude
I, is introduced at the noise-source locatigft) = Re(Ie’*").

For a voltage output variabké and sweeping, this generator

Poincare map v(nT) {volts)

Frequency (MH2) enables the calculation of the whole matrix relatifg, +1) to
(@) I(k,=£1) (conversion-matrix approach), whejek (integers)
: : — —— are the harmonic indexes referringig and+1 are the indexes
‘ bz — . referring tow. For Hopf bifurcations withv, /2 < w, < w,,

the spectrum bumps closestdq are due to the amplification
of input noise about,, and2w, — w, (image frequency). Both
in this case and for saddle-node bifurcations, the bumps are ob-
tained, when sweeping, from the matrix terms relating (0, 1)
andV(2,—1), to bothI(0,1) and(2, —1). In the noise spec-
trum calculation, the whole conversion matrix and the possible
correlation of the noise sources must be taken into account.
The former technique has been applied for the analysis of
the noisy precursors of the cubic-nonlinearity oscillator [4]. The
results (solid line) are shown in Fig. 1(c) (close to the Hopf
bifurcation) and Fig. 1(d) (close to the saddle-node bifurcation).
Time-domain simulations have also been carried out, with an
excellent agreement.

Imag

I1l. STOCHASTIC SHIFT OF THE STABILITY THRESHOLD

The presence of noise in a nonlinear circuit may give rise to
an average shift of its stability thresholds. The shift depends on
the amplitude and statistical properties of the noise perturbation.
It is due to variations in the average magnitude of the Floquet
multipliers, which may be decreased below unity or increased
above unity [5]. To show this effect, the circuit bifurcation dia-

Power (d8Bc¢)

it JALIEL 1 A gram is traced here by averaging the amplitude of one of the har-
Frequency (MHz) monic components for different time-domain realizations of the
(c) noise source (with the same power spectral density). This anal-

ysis, requiring time-domain simulations, has been applied to the
1 cubic-nonlinearity oscillator. An intrinsic white-noise voltage

. R source, in series with the nonlinearity, is initially considered,
B P with spectral densityl0—® V?/Hz. The resulting bifurcation
S diagram, close to the saddle-node (and averaging the first har-
monic component), is shown in Fig. 2(a). As can be seen, noise
reduces the bifurcation threshold.

In the frequency domain, the study of the bifurcation shift has
been carried out versus a sinusoidal perturbatibeos(Q¢). A
nonlinear analysis of the mixing steady state (withand 2
- : as fundamentals) is performed. Then the stability is analyzed

Frequency (MHz) through the Nyquist plot, applying [6]. The results have evi-
(d) denced higher sensitivity f@2 close tav,,. In Fig. 2(b), curve A
Fig. 1. Cubic nonlinearity oscillator [4], with, = 20 mA. (a) Poincaré map, shows the Nyquist plot o2 very close tau, ande = 107*V.
sampling the voltage, across the nonlinearity, (b) locus of Floquet multipliersThe stability margin is decreased, in agreement with the time

m; (k‘ =1, 2), with the generator frequency as implicit parameter, (c) Outpldomaln simulation. For |OW2, a hlgh amplltude was necessary
spectrum forf, = 1.34 MHz, close to the Hopf bifurcation, and (d) output

o _2 . P
spectrum forf, = 1.57 MHz, close to the saddle-node bifurcation. In (c) andE =10 .V’ the effect be'ng a stabilization of the synchro-
(d), the solid line is the frequency-domain simulation. nized solution (curve B).
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Fig.2. Shift of the saddle-node bifurcation threshold. (a) Averaged bifurcation
diagram for intrinsic white noise, with spectral density—% V2/Hz. The I\
represented variable is the averaged first-harmonic component of the voltage ———
across the nonlinearity and (b) Nyquist plot, using [6]. The functidn H a5
is defined in [6]. Plot A: a sinusoidal tone close &@,, with amplitude |
E = 10—* V. Plot B: a low-frequency sinusoidal tone, with amplitude CENTER 5.242GHz SPAN 1. @088GHz
E = 1072 V. #REW 1BBkHz *¥UBW 1 BkHz SWP 25. 9sec
(b)
IV. EXPERIMENTAL RESULTS Fig. 3. Precursors of Hopf bifurcation for input powBy, = —6 dBm. (a)

Simulation forf, = 5.19 GHz and 5.235 GHz and (b) Measurement for=
As a final verification. a 5 GHz FET-based Synchronized 0§._24 GHz, in the immediate neighborhood of the bifurcation. Nonlinear mixing
. . ' . . egects are already present.
cillator has been simulated and experimentally characterized.

A Hopf-type bifurcation was obtained fdr, = —6 dBm and frequency-domain analysis techniques. The stochastic shift of

fo = 5.24 G.HZ' n F|g.' 3(6})’ the.output—power spectrum haﬁle bifurcation threshold has also been analyzed, through aver-
been determined (considering noise sources from the input ggaéd bifurcation diagrams
erator and the oscillator itself) for two different input frequen- '
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